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Abstract

The objective of this work revolves around a need for an accurate numerical simulation method that
computes the stress intensity factors (SIF) along a predicted crack propagation path for planar two-
dimensional bodies. In response to this need, ESRD has developed an automated procedure in Stress-
Check®, a p-version finite element analysis (FEA) tool, that computes through-crack stress intensity
factors for mode I and mode II along a predicted crack propagation path. This functionality is applica-
ble to planar analysis (2D plate with in-plane loading). The trajectory of the crack is determined by a
relationship between mode I and mode II SIF’s (K1 and K2) and is shown to be very accurate.

1. Formulation

The formulation of the trajectory equation is based on two commonly recognized hypotheses [2] for
the extension of cracks:

• The crack extension starts at its tip in a radial direction.
• The crack extension starts in the plane perpendicular to the direction of greatest tension.

These hypotheses mean that the crack will grow from the tip in the direction along which the tangen-
tial stress (σθ) is maximum and the shear stress (τrθ) is zero. In the general case of loading by mode I
and II, the angle of crack extension, θ0, is obtained from: 

which gives the angle in terms of K1 and K2 measured from the tip of the crack, counterclockwise
positive.

K1 θ0 K2 3( θ0cos 1 ) 0=–+sin (1)
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The solution of equation (1) is

For the special case of pure mode I loading (K2 = 0),

For pure mode II loading (K1 = 0),

Both special cases are consistent with experimental observations.

For general loading both K1 and K2 may be different from zero, and equation (2) determines the tra-
jectory of the crack. Reliable determination of the crack trajectory can be obtained only if the stress
intensity factors, K1 and K2, are calculated accurately. For that reason StressCheck uses the Contour
Integral Method (CIM) to compute the SIF’s [1, 6].

2. Application of the method

To perform a Crack Path analysis, a “crack” object will be defined as part of the planar 2D model
topology. The crack object has two tips, denoted “a” and “b”. One or both tips can be set to “active”
depending on its location within the model domain. The crack object has properties that are input by
the user prior to runtime to control certain aspects of crack propagation, such as:

• ainit − Initial crack size (distance between tips “a” and “b”)
• ∆a − The crack increment dimension (enter separate values for “a” and “b”)
• θinit − Initial direction of crack growth for 1st increment (angle relative to global coordinates)
• amax − The maximum crack length
• p-level − The polynomial order of the elements (for best results, set p=4 or 5)
• Run Limit − The maximum number of crack extension increments
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These properties are entered in the Crack Path solution interface as shown in FIGURE 1 for each
“active” crack. The value of the properties can be defined parametrically as was done for the initial

direction and initial length (FIGURE 1). This functionality enables the user to develop parametric
Handbook models to support standardization and automation of analysis tasks.

Some important points to keep in mind:

• Careful consideration should be given to the value assigned to the crack increment (∆a). Specify-
ing a crack increment that is too large will result in a crack path that is wavy. To obtain a smoother
crack path, choose a smaller crack increment.

• When the crack gets close to an external boundary such that the contour integral radius goes out-
side the sheet body domain (FIGURE 2), the radius will be automatically reduced two more times
in an effort to compute the stress intensity factors at that location. This is also true for cracks
approaching regions of thickness change or a transition from one material to another. 

FIGURE 1  Solver Interface, Crack Path tab.

FIGURE 2  SIF Extraction. Contour Integral Path.

Attempt #2 (radius = 0.5∆a)

Attempt #3 (radius = 0.25∆a)
1st Attempt (radius = ∆a)
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• When there are multiple cracks in the domain, all ‘active’ crack tips with non-zero increment val-
ues will grow simultaneously. As each crack reaches its specified maximum crack length (ai

max), it
will stop growing. The solution process will terminate when all cracks have reached their maxi-
mum or when the run limit is exceeded.

• The default solution Run Mode is set to Automatic. If you want to change the crack increment
value(s) or make new cracks active during the analysis, then you must run in Stepwise mode. This
is done within the SOLVE! tab in the Solver interface.

• The user can force a crack to propagate along a linear path with fixed orientation. This is done by
defining a special parameter “_fix_crack_angle” with a value set equal to the orientation angle (in
degrees) relative to the global coordinate system.

The model mesh is constructed by an automatic meshing routine that recognizes the crack object and
generates a refined mesh at the crack tip. Because the mesh and geometric object numbers change for
each crack increment, the user must adhere to certain model construction rules as noted below:

• The domain (planar body) must be a single trimmed sheet body and the crack object must lie in the
domain.

• The user must declare an initial crack length. The length can be zero, meaning that StressCheck
will determine the orientation of the crack during the first solution and automatically add an initial
crack during the second iteration.

• The mesh density of the global model is defined in the automesh record. Default automesh settings
are recommended, however, the user can control certain aspects of the global meshing behavior by
changing mesh attributes (D/H, Ratio, MinLen, Trans). See Users Guide for more details. If the
user does not supply this record, it will be created at runtime using default values.

• Assignment of thickness, material properties, boundary conditions, and p-discretization must be
described using “All” records or “region” sets. The reason for this is because the numbering of
geometric and mesh objects may change during the solution process. A region set is a set of objects
that lie within a specified region of the model and an All set means that every object of the speci-
fied type is selected.

There are essentially three different cases that can be considered for Crack Path analysis:

1) The location of the initial crack is known and one tip lies on an edge of the sheet body. Thus, there
is a single “active” crack tip.

2) The location of the initial crack is known and lies internal to the sheet body. In this case the crack
has two “active” tips from which to propagate.

3) The location of the initial crack is not known explicitely but is assumed to initiate somewhere on a
specified boundary (e.g. hole wall or edge of part).

Examples of each of these cases will be described in the following sections.
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Example 1: Three-Point Bend Test Specimen

Consider a 0.5 inch thick steel plate (E = 30e6 psi, ν = 0.3, plane-stress), loaded in 3-point bending as
shown in FIGURE 3. The plate represents a test specimen which has an initial through crack of length
(ainit = 1.5 inch) on the lower surface five inches from the left-hand corner. A row of three holes is
located along a vertical axis six inches from the left-hand edge of the plate. This first example illus-
trates a typical case when the initial crack location is known and the user is interested in simulating
crack propagation from a single crack tip.

To place the Crack object in the model, select the Create Model icon  and complete the following:

• Mesh tab > Create > Crack > Locate > Input on > X: -5.0 > Y: -4.0 > Z: 0.0 > Length: 1.5 > Angle:
90 > Accept.

Note that the origin of the crack object is at the a-Tip and the crack is oriented 90 degrees relative to
the global coordinate system.

After defining the model domain, locating the crack object, and assigning attributes, you are ready to
initiate the crack path analysis. Go to the Solver interface  and select the Crack Path tab. In this
interface you will see a record of the crack object with the default status set to not active. To include a
crack in the analysis, check the Active box next to it. Next, supply the crack increment (0.0 for a-Tip
and 0.25 for b-Tip) to be added at the end of the crack after each iteration and all other information as
shown in FIGURE 4 (Init. Dir.: 90, Init. Length: 1.5, Max. Length: 5.0, p-level: 4, Run limit: 15). 

The polynomial order does not need to be high (p=4 in this case) because the mesh generated during
the crack path analysis is quite dense.  The user can run a second analysis with p=5 to verify conver-
gence of the stress intensities and compare the crack trajectory. 

FIGURE 3  Problem Description for Example 1.

Thickness = 0.5”

a

b
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Next, choose the SOLVE! tab to invoke the solution process. Complete the following information:

• SOLVE! tab > Initialize > Automatic > Iterative > Click the Solve button.

The solution window in the solver execution interface displays the status of the execution. The status
bar located at the bottom of the main window displays which operation is being performed for each
run. Opon completion of the analysis (increment reaches the maximum crack size or run limit, or the
crack grows to the edge of the model domain), a summary of the crack path analysis will be displayed
in the Edit window as shown in FIGURE 5. In this example the Run Limit of fifteen and maximum
crack length of 5 inches is reached simultaneously and stops the analysis.

To perform post-processing operations, select the View Results icon  from the Main Toolbar. To
display the deformed shape as shown in FIGURE 6, select the Plot tab and complete the required
information as follows:

• Plot tab > Select > All Elements > Selection > Solution: SOL > Run: 1 > Shape: Deform > Click
the Plot button. 

Post-processing operations are available for the last run only, that is, for the final crack length. Com-
parison of the predicted crack trajectory to experimental test [5] demonstrates the robustness of the
crack path algorithm.

FIGURE 4  Crack Path Solver Interface for Example 1.
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FIGURE 5  Crack Path Analysis Summary for Example 1.

FIGURE 6  Deformed Shape and Crack Trajectory for Example 1. 

Predicted Experimental4,5
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Example 2: Plate with Internal Crack

Consider the rectangular panel shown in FIGURE 7 loaded by a uniform traction Ty=30000 psi at the
upper end and fixed at the base. The panel is of unit thickness and has a height to width ratio of 4/1.
The material is 6Al-4V titanium (E = 16e6 psi, ν = 0.29, plane-stress). An initial internal crack of
length (ainit = 0.56 inch) is centered in the panel and oriented 30 degrees from the vertical (y-axis). 

Before creating the solution domain, define two parameters that can be used to control the length and
orientation of the initial crack. Select the Model Info icon  from the Main Toolbar and select the
Parameters tab. Enter the following information:

• Name: Ac > Description: Total crack length > Value: 0.56 > Accept
• Name: Ang > Description: Crack orientation from vertical (degrees) > Value: 30 > Accept

FIGURE 7  Problem Description for 
Example 2. 

a

b

Thickness = 1.0”
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As was done in the previous example, the crack object will be placed in the model domain using the
Locate method where the a-Tip is the origin of the crack object. Select the Create Model icon  and
complete the following:

• Mesh tab > Create > Crack > Locate > Input on > X: -Ac/2*cos(rad(90-Ang)) > Y: -Ac/
2*sin(rad(90-Ang)) > Z: 0.0 > Length: Ac > Angle: 90-Ang > Accept.

After defining the model domain, attaching the crack object, and assigning attributes, go to the Solver
interface  and select the Crack Path tab. Check the Active box next to Crack #1 and supply the fol-
lowing information:

(a Tip Incr.: 0.05, b Tip Incr.: 0.05, Init. Dir.: 90-Ang, Init. Length: Ac, Max. Length: 1.5, p-level: 4,
Run limit: 20). 

The results of the analysis are shown in FIGURE 8 and FIGURE 9. 

Notice that both crack tips increment by 0.05 inch for each run. The user can specify different crack
propagation increments for each tip. 

FIGURE 8  Crack Path Analysis Summary for Example 2.



Application of the method

10 of 15

FIGURE 9  Deformed Shape and Crack Trajectory for Example 2.



Application of the method

11 of 15

Example 3: Nut-Plate Holes in a Uniform Stress Field

Consider a rectangular plate of unit thickness with a one inch diameter fastener hole located in the
center of the plate and two smaller holes used to install a Nut-plate fastener system as shown in FIG-
URE 10. The Nut-plate is oriented 45 degrees relative to the global x-axis of the plate. The left edge
of the plate is fixed and the right edge is loaded by a uniform normal traction (Tx) and a shear traction
(Ty). The material is 7075-T6 aluminum (E = 10.5e6 psi, ν = 0.31, plane-stress).

One can imagine that this model is defined parametrically such that the user can change the geometric
dimensions, the material properties, or the magnitude and direction of the applied tractions to account
for a multitude of possible variations. The problem is that the critical location (Ktσmax) will change as
the problem definition changes. 

In this example we are interested in obtaining the stress intensity factors (K1 and K2) along a path that
originates on the larger ‘center’ hole for two cases; 1) Tx = 1000, Ty = 0, and 2) Tx = 0, Ty = -1000. As
before, we create the solution domain (sheet body) and apply material properties, thickness and
boundary conditions using ‘Region’ sets or ‘All’ records. Since we do not know where the crack will
initiate, we use the Auto method to attach the crack object to a circle that is not part of the sheet body
but occupies the same space as the center hole (FIGURE 11).

• Mesh tab > Create > Crack > Auto. Leave all input fields off, and with the mouse select the circle
that is not part of the sheet body. A symbol  representing the Auto Crack object will be shown
on the model.

After defining the model domain, attaching the crack object, and assigning attributes, go to the Solver
interface  and select the Crack Path tab. Check the Active box next to Crack #1 and supply the fol-

FIGURE 10  Problem Description for Example 3.

Thickness = 1.0”
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lowing information as shown in FIGURE 12 (a Tip Incr.: 0.1, b Tip Incr.: 0.1, Init. Dir.: 0, Init.
Length: 0, Max. Length: 1.5, p-level: 5, Run limit: 15). 

Notice that the crack increment for tips “a” and “b” were both assigned the same non-zero value and
yet the crack will only propagate from one of these tips. The reason for this is explained in the follow-
ing:

1) Run #1 is a linear analysis of the “unflawed” geometry. From this solution, the maximum first prin-
cipal stress is computed at discrete points along the geometric object (in this case the circle) to
which the Auto Crack was attached. The location of the maximum stress is recorded along with the
principal direction.

2) A test is made for crack tip “a”. If the increment and computed direction places the new crack tip
inside the model domain, then the Crack Path analysis initiates (Run #2) using crack tip “a”. Other-
wise, crack tip “b” is used in the analysis.

Auto Crack

FIGURE 11  Attaching the Auto Crack to a Geometric Object.

FIGURE 12  Crack Path Solver Interface for Example 3.
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The results of the two analyses are shown below in FIGURE 13 and FIGURE 14.

FIGURE 13  Results for Example 3. Load Case #1.

Deformed Shape and Crack Path

Tabulated Results
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FIGURE 14  Results for Example 3. Load Case #2.

Tabulated Results

Deformed Shape and Crack Path
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