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1. Introduction  

Material nonlinear problems that involve loading conditions that produce stresses outside the 
quasi-proportional limit (e.g., sequential loading and unloading with reverse plasticity) can now 
be solved in StressCheck® using the incremental theory of plasticity (ITP). The implementation 
of the ITP is rate (time) independent and considers the von Mises yield criterion and the 
associated J2 flow rule with isotropic/kinematic (mixed) hardening for 3D, plane strain, plane 
stress1, and axisymmetric analysis. 

The advantages of the incremental hardening theory over the deformation theory are: 
1. Allows representation of multiple loading and unloading events. 
2. It captures the effects of reverse plasticity. 
3. It can represent the Bauschinger effect. 
4. Describes the hardening behavior of typical engineering materials. 

Another important advantage of the ITP for mixed hardening is that it uses material coefficients 
derived from a one-dimensional stress-strain curve.  

2. Formulation 

An elementary model for isotropic hardening 
 

�  Assumptions 

o The hardening is isotropic in the sense that at any state of loading, the center of 
the yield surface sE remains at the origin. 

                                                
1 The current implementation for plane stress supports kinematic and mixed hardening for 
bilinear materials only, for all other material laws only isotropic hardening is available. 
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    Figure 1: Bilinear stress strain curve. 

 
o The hardening is linear in the amount of plastic flow )( pe� , and independent of 

sign (i.e. pe� ). 
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Figure 2: Stress strain increments. 

 

The first assumption leads to a yield criterion of the form 

[ ] .0,0:),( ³<+-= aassas Kf y  

 
Where sy > 0 and 0³K  are given constants; K is often called the plastic modulus. 
The variable a is a nonnegative function of the amount of plastic flow, called internal hardening 
variable. 
 
With the second assumption in mind we consider the simplest evolutionary equation for a, 
namely, 

pea �� =:  

 
The set or space of admissible stress is now defined as 
 

( ) [ ]{ }0:),(|, £+-=´Î= + assasass KfRRE y  

 
The constitutive model developed above is summarized in Box 1. 
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Box 1: One Dimensional, Rate Independent Plasticity with Isotropic Hardening. 

 

An elementary model for kinematic hardening 
 

�  Assumptions 

o The hardening is kinematic in the sense that at any state of loading, the size of 
the yield surface sE cannot change and its center can move with respect to the 

origin.  

 
Figure 3: Kinematic hardening for a bilinear material. 

 
The kinematic hardening states that the material hardens in the direction of the plastic 
flow (in this example, the tensile direction) by an amount equal to q1 (denoted as back 
stress), and softens in the opposite direction (compressive direction) by the same 
amount –q1. This causes a shift of the center of the yield surface. 
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i. Elastic strain relationship 
( )pE ees -=  

ii.  Flow rule and isotropic hardening law 
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iii.  Yield condition 
( ) ( ) 0, £+-= assas Kf y  

iv. Khun-Tucker complementary conditions 
( ) ( ) 0,,0,,0 =£³ asgasg ff  

v. Consistency condition 
( ) ( ) 0), (if  0, == asasg ff��  
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o The hardening is linear in the amount of plastic flow )( pe� , and independent of 

sign (i.e. pe� ). 

The first assumption leads to a yield criterion of the form 

.0),(:,0:),( ³=<--= aassas qqqf y  

 
Where sy > 0 is a given constant; q  is called the back stress and defined as 

as Kqq )(sign: -=  (see Figure 4). 
 

 
Figure 4: Linear hardening function 

 
 
The set or space of admissible stress is now defined as 
 

( ){ }0:),(|, £--=´Î= + yqfRRE ssasass  

 
The constitutive model developed above is summarized in Box 2. 

 
Box 2: One Dimensional, Rate Independent Plasticity with kinematic Hardening 

i. Elastic strain relationship 
( )pE ees -=  

ii.  Flow rule and isotropic hardening law 
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iv. Khun-Tucker complementary conditions 
( ) ( ) 0,,0,,0 =£³ asgasg ff  

v. Consistency condition 
( ) ( ) 0), (if  0, == asasg ff��  
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An elementary model for mixed hardening 
 

�  Assumptions 

o The hardening is kinematic and isotropic in the sense that at any state of loading, 
the size of the yield surface sE can increase and its center can move with respect 

to the origin.  

 
Figure 5: Mixed hardening for a bilinear material. 

 
The mixed hardening states that the material hardens in the direction of the plastic flow (in this 
example, the tensile direction) by an amount equal to q1 , softens in the opposite direction 
(compressive direction) by the same amount –q1, and at the same time hardens with an 
absolute value K(a) in both directions. This causes a shift and enlargement of the yield surface. 
 
The set or space of admissible stress is now defined as 
 

( ) [ ]{ }0:),(|, £+--=´Î= + assasass KqfRRE y  
 
Where as Hqq )(sign: -= , abKH =:  and ( ) ab KK -= 1: .The parameter b is defined as the 

mix coefficient, and needs to be determined from experiments. Note that b = 0 and b = 1 
correspond to the limiting cases of pure isotropic and pure kinematic hardening rules, 
respectively. 
 
 
The constitutive model developed above is summarized in Box 3. 
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Box 3: One Dimensional, Rate Independent Plasticity with Mixed Hardening 

 

Isotropic hardening plasticity: J 2 flow theory 
 
In the J2 theory, the second invariant of the stress deviator tensor is used to determine the yield 
criterion (von Mises yield criterion). 
 
Second invariant of the stress tensor 

( ) ( ) ( )[ ] 222222
2 6

1
2
1

zxyzxyxzzyyxijij SSJ tttssssss +++-+-+-==  

Where: 

  ijkkijijS dss
3
1

-=    is the deviatoric stress tensor, also denoted as ( )ijsdev . 

The von Mises yield criterion is given by 
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3
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We redefine the von Mises yield criterion as 

( ) ( ) ( ) 0
3
2

3
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2, 2 =-=-= aaas KSSKJf ijij  

The space of admissible functions is now given by 

( ) ( ){ }0,|,: £=E asas f  

Where K(a) is the strain hardening function and a is often referred as equivalent plastic strain. 

vi. Elastic strain relationship 
( )pE ees -=  

vii.  Flow rule and isotropic hardening law 
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viii.  Yield condition 
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ix. Khun-Tucker complementary conditions 
( ) ( ) 0,,0,,0 =£³ asgasg ff  

x. Consistency condition 
( ) ( ) 0), (if  0, == asasg ff��  
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Weak form of the equilibrium equations 

( ) ( ) dSTvdVFvdVuDEvD
TTT

}{}{}{}{}]{[][}]{[ ���
W¶WW

+=  

Where, 
[D] is the differential operator matrix 
[E] is the material stiffness matrix 
{u} is the displacement vector 
{v} is the test function 
{F} is the body force vector 
{T} is the boundary traction vector 

 
Due to the nonlinear stress-strain relationship depending on the strain history, the weak 
formulation is a nonlinear functional which has to be solved incrementally.  A sequence of 
equilibrated load steps is computed by applying for each step [t(n), t(n+1)] (where t(n) is a 
pseudo-time) the Newton-Raphson method, in order to linearize the weak formulation for time 
t(n+1) 
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Where, “i” is the iteration step for the current load step (n+1), and: 
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Radial return algorithm for the J 2 flow theory (3D) 
 

1. Compute the trial elastic case (t(n+1)). At each load increment the plastic flow is “frozen” 
and a linear elastic increment is computed. This step is called elastic predictor. 
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3. Compute consistency parameter gD : 
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4. Update internal variables, plastic strain and stress (return mapping: closest point 
projection): 
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5. Compute the elasto-plastic tangent modulus 
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6. Convergence criteria (convergence on displacement): 
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Dimensional reductions such as plane strain and axi-symmetry are derived from the above 
algorithm. For the plane stress case, another algorithm is needed since the radial return violates 
the plane-stress condition, the return algorithm implemented in StressCheck is the one 
developed by J.C. Simo and R.L. Taylor as discussed in [2], [4]. 
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Computation of the mix coefficient bbbb : 

The mix coefficient b can be obtained from a one dimensional loading unloading curve where 
the material plasticizes during loading and at least reaches the yield limit during unloading (see 
for example Figure 6). 

 
Figure 6: Loading unloading cycle (1D). 

The stress at point 1 (loading in the plastic range) is given by: 
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And at point 2 (limit of the elastic unloading) by: 
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From which we can write: 
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Therefore the mix coefficient b can be computed by knowing sy
0 (initial yield stress), sy

1 
(maximum stress in plastic loading), and sy

2 (stress at the limit of the elastic unloading). 
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3. Analysis Procedure 

The implementation of incremental plasticity in StressCheck follows the same principal as other 
advanced analysis methods; a linear solution is performed and used as the starting point for the 
nonlinear iterations. Since the quality of the linear solution will determine the quality of the 
nonlinear solution, it is recommended that a linear solution be selected such that the relative 
error in energy norm is small (typically under one percent), and the estimated relative errors in 
the data of interest should be less than the desired error tolerance for the nonlinear solution. 

After obtaining a linear solution, select the Nonlinear tab in the Solver dialog window and the 
user interface for executing nonlinear solutions will appear (Figure  3). In the scrolling list you 
will see the list of linear solutions. Proceed as follows: 

1. Click on the linear solution which is to be the starting solution for the nonlinear iterations. 
The solution name, run number, type, and associated degrees of freedom (DOF) appear 
in the scrolling list of the dialog window. The corresponding discretization will remain 
fixed in the course of the nonlinear solution process.  

2. Set the Type to Material (NL Mat).  Set the Technique to Incremental. 
 

 
Figure 3: Nonlinear execution interface. 

 
3. To add more load events to the solved linear load case, click on Load Steps and the 

interface shown in Figure  4 will be displayed. This interface will be active until 
dismissed.  
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Figure 4: Nonlinear Events interface. 

 
 

4. To create the load event record associated with the linear run, and to add new ones if 
needed proceed as follows2: 

a. Under “Name:” Provide a name for the nonlinear solution, for example NLSOL. 
Once all the nonlinear events are defined, the name will appear in the “Nonlin 
ID:” drop down combo on the “Nonlinear” solver tab. If several nonlinear solution 
records exist, then the one to be used for the analysis has to be selected from 
the “Nonlin ID: ” drop down combo (Figure 3 ). 

b. The “Description ” field can be used to enter a short description that is relevant 
for the current analysis (this field is optional). 

c. Specify the number of events to be performed in the analysis. Enter a value 
between 1 and 5 in the “# of Events ” field. Note - we may have 5 events but we 
only want to analyze the first three; therefore the number of events should be set 
to 3. 

d. In the “Event ” field, using the up and down arrows, select the order in which the 
load events will be applied (i.e., 1 for the first event, 2 for the second, etc). 

e. The event “Name” can be used to attribute a descriptive name for the given load 
event (e.g. Axial loading, Unloading, etc), or can be leaved blank. 

f. For a given load event the “# Steps ” field can be set to update the load from its 
initial value to the final value in equal intervals. For example, if the # Steps is set 
to 2, then the value of the selected parameter will be changed from its initial 
value to its final value in two steps. 

g. The “Parameter ” drop down combo allows the user to select the parameter that 
is associated with the load to be modified for a given load event. Note that only 
parameters defined as Class: B.COND in the Model Info interface can be 
selected from the drop down menu. Furthermore, the selected parameter cannot 
be a dependent parameter nor be a geometric parameter. More than one 
parameter can be selected for a given load event, however (whenever possible) 
when dependency between parameters can be exploited it is suggested that only 

                                                
2 Unless stated otherwise, all are required fields. 
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the driver (or controlling) parameter be defined as B. COND, since dependent 
parameters will be updated automatically. 

h. “Initial ” refers to the initial value assigned during the definition of the parameter. 
This value is displayed but cannot be changed for the first load event (which 
corresponds with the linear case). 

i. “Final ” refers to the final value of the parameter. Note – If only a single load step 
is selected, then this value will be the same as the initial value and can not be 
changed. 

j. The upper left “Delete ” button is used for deleting an unwanted event, and the 
“Copy ” button is used for copying a given event. 

k. If a record has to be modified, select the record from the pull-down list and 
modify the appropriate fields, then click the “Replace ” button. 

l. The “Purge ” button is used to delete all load event records. 

m. Once all events are entered and the number of events is selected, click the 
“Accept ” button to add the record. 

n. “Sort ” button: Sorts the event numbers without checking for gaps and 
updates the display on the nonlinear events interface. 

o. “Sequence ” button: Sorts the event numbers checking for gaps and will 
query the user if he wants to automatically remove the numbering gaps by 
renumbering (in ascending order) the events number (it will not add or 
replace the existing record). 

p. “Show details… ” button: All the information entered in the nonlinear event 
interface can be retrieved in a (separated) table containing detailed 
information for each event_step, such as the run number, the event name, 
the parameters that are modified and their value for the particular 
event_step, and whether the event is active or not (e.g. If there are 3 
events defined and the number of events is set to 2, the last event will be 
inactive). The button will be active when the event record is created (or 
selected). 

5. Select the name of the load event record to be computed using the “Nonlin ID: ” drop 
down combo in the nonlinear execution interface. 

6. Set the Tolerance (%). By default the tolerance is set to be 0.005%. There are two 
reasons for this default value. First, the convergence is computed as the relative 
difference between two consecutive solutions, which is similar to convergence in energy. 
Second, the error will accumulate between successive load events; therefore a relatively 
small error is desired.  Note: The algorithm for incremental plasticity theory provides a 
quadratic rate of asymptotic convergence; therefore the default tolerance is normally 
achieved within the default iteration limit (10). 

7. Set the Iteration Limit. Enter the number of nonlinear iteration cycles you wish to perform 
automatically (default = 10). StressCheck will stop when the iteration limit is reached, 
unless the specified error tolerance is reached first. When the solution stops at the 
iteration limit (without reaching the specified error tolerance) you can examine the results 
and decide whether to continue or not. If you wish to continue, then simply increase the 
Iteration Limit and click on the “Solve” button. 
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8. If you want each event and load step solution to be available for post-processing then 
toggle on the “Save Load Steps” button, otherwise only the last converged solution will 
be available for post-processing. Each saved step will be identified with the name given 
in step 4.a followed by an underscore ‘_’ and the run number of the starting linear 
solution, and another underscore ‘_’ followed by the sequence number of the load event, 
and one more underscore ‘_’ followed by the step number of the given load event.  For 
example, NLSOL_8_2_1 means that the nonlinear solution NLSOL was initiated from the 
linear solution #8, and corresponds to event 2, step 1. The run number associated with 
each nonlinear solution will correspond to a sequential number to identify the order in 
which each solution was obtained.  

 

 
Figure 5: Solver Execution Interface.  

9. Select the SOLVE! tab and complete as follows: (Figure 5 Solver Execution Interface) 

10. Set Execute  to Initialize as the mode of execution. Select Restart if you wish to continue 
from an existing elastic-plastic solution.  

11. Select the Run Mode . The options are Automatic (default) and Stepwise. Selecting 
Automatic directs the solver to perform a solution for all events and steps, stopping only 
when convergence is not achieved (at the maximum number of iterations) or when the 
solution is complete for all load events. The Stepwise option will request the solver to 
stop after each iteration to allow the user to evaluate the results of that step. 

12. Select the Direct (default) option as the solver Method . This is the preferred mode when 
performing iterative-type solutions. 

13. Press the “Solve” button to initiate the execution of the nonlinear solution. 
 

 
Current limitations:  Imposed displacements can be applied during the initial reference 
condition only. They cannot be modified during subsequent load/unloading events. 
 
Remark. Even though the implemented algorithm for the computation of the nonlinear 
incremental theory of plasticity allows computing large increments of the applied load, 
convergence may not be achieved when extremely large load increments are computed. In such 
cases the load increment should be reduced for the algorithm to converge. If convergence is not 
achieved for the first step of the first event, the load has to be reduced by changing its value on 
the parameter interface and the linear solution has to be recomputed. 
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4. Example 

Consider the case of a rectangular plate W x H of constant thickness t, with an offset hole of 
diameter D, that is cold worked followed by the insertion of an interference-fit fastener (IFF), 
subjected to an axial overload Tx followed by unload and reload with a bypass load (fastener 
load Pf plus axial load Tx) as shown in Figure 6 .  

 
Figure 6: Plate with a hole. 

 

The materials considered for this example are: 

Plate - Aluminum (NL, Ramberg-Osgood:   E = 10,000 ksi, S70 = 60.5 ksi, n = 30, n = 0.33) 

Mandrel - Titanium (Linear: E = 16,000 ksi, n = 0.31) 

Fastener - Steel (Linear: E = 28,000 ksi, n = 0.296).  

The geometric parameters are: D = 0.3125”, H = 2.5”, W = 7”, t = 0.1”, ex = 4” and ey = 1”.  

The initial loads are: Tx = 0, Pf = 0 and the fastener diametral interference, Delta = 0.0115”. The 
mesh is shown below in Figure 7 . 

 

 
Figure 7: Mesh and boundary conditions 3. 

 
 
We define the geometry, loads and fastener properties as parameters as shown in Figure 8 . 

                                                
3 Since the axial load (Tx) and the fastener load (Pf) are set to zero they are not displayed. 

W 

Tx Pf 

ex 

ey 
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Figure 8: Parameter definitions. 
 
Nonlinear Events: 
 
We will consider four load events:  

1) Cold working of the hole (initial load, Delta = 0.0115” to -0.001”), followed by  
2) Insertion of an interference-fit fastener (Delta = 0.0044”), followed by 
3) Loading & unloading, uniform axial tensile stress Tx (40000 psi to 0 psi), followed by 
4) Reloading, a 50% reload of Tx (20000 psi) together with a fastener load Pf (780 lb).  
 

The sequence of events for each load case can be visualized in Figure 9 . 
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Figure 9: Sequence of events. 

 
 
Note that the diametric interference of the interference-fit fastener is set to Delta = 0.00917” 
instead of Delta = 0.0044”. The reason for this change resides in the fact that after the cold 
working process, the diameter of the hole has changed. Therefore, the average diametric 
expansion of the hole is added to the desired diametric interference for the interference fit 
fastener. 
 
 

1_1 1_2 2_1 3_1 3_2 4_1 

Delta (in) 

0.01150 

0.00917 

Event_step 
(pseudo time ) 

1_1 1_2 2_1 3_1 3_2 4_1 

Tx (psi) 

40000 

20000 

Event_step 
(pseudo time ) 

1_1 1_2 2_1 3_1 3_2 4_1 

Pf (lb) 

780 

Event_step 
(pseudo time ) 
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Table 1: Sequence of events - Parameter input 

Nonlinear event Parameter 

Sequence  Name # Steps  Name Initial value  Final value  

1 Cold-working 2 Delta 1.15e-2 -1.0e-3 

1 Cold-working 2 Emf 3.00e7 1.0e3 

2 IFF 1 Delta 9.167e-3 9.167e-3 

2 IFF 1 Emf 2.80e7 2.80e7 

3 Load-unload 2 Tx 4.0e4 0.0e0 

4 Reload 1 Tx 2.0e4 2.0e4 

4 Reload 1 Pf 780.0 780.0 

 
The input presented in Table 1 is easily translated to the user interface as follows: First we call 
the Nonlinear Events interface by clicking on the Load Steps button located near the center of 
the Nonlinear Solver interface (see Figure 3 ). By default the interface will have sequence 1 
predefined with the default value for the first parameter (in alphabetical order) in the parameter 
list defined as B. COND (see Figure 10 ).  

 

 
Figure 10: Nonlinear Events interface. 

 
The final value of the parameters in sequence 1 can be modified only if more than one step is 
selected (the initial value cannot be modified since it corresponds to the linear solution). We 
enter a name for the nonlinear event (NLSOL), a description (IFF + Overload + Bypass load) 
and the number of events to be computed (4). Next, we assign a name for the first nonlinear 
event (Cold-working), and the number of steps (2). Since the first step of the initial event 
corresponds to the linear solution, the initial value of the parameter shown cannot be modified, 
in the case of having more than one step, only the final value can be modified. To represent the 
removal of the fastener we set the final value of the interference to be Delta = -1.0e-3 and 
change the elastic modulus (Emf) of the fastener to Emf = 1000. To add a new line in order to 
modify the parameter Emf, we use the copy button while we are in the fist sequence and select 
the parameter Emf from the pull down menu. We proceed to add the second nonlinear event by 
clicking on the Name field for sequence 2 (this process will automatically create a new line). 
Similarly, we assign a name (IFF), number of steps (1), initial and final values. In this case, with 
only one step, only an initial value is required since the final value is the same than the initial 
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value (the final value is set automatically after entering the initial value). Again, we nee to modify 
the parameter Delta in order to represent the interference fit, and the parameter Emf in order to 
set the elastic modulus corresponding to the interference fastener. The third event follows 
similarly were only the parameter Tx is modified. For the fourth event we need to modify two 
parameters Tx and Pf, therefore we enter two records with the same sequence number. At this 
point the Nonlinear Events interface should look as shown in Figure 12 . Finally we press the 
Accept button to create the nonlinear events record (Figure 13 ). Several nonlinear events 
records can be created, and each one can be solved when their Nonlin ID is selected from the 
Nonlinear Solver interface. Note that the Save Load Steps toggle is selected by default, by 
deselecting it only the solution for the last converged load step will be saved. 
 

 
Figure 12: Nonlinear Events interface after enterin g the information for 3 nonlinear events. 

 
 

 
Figure 13: Nonlinear Events interface after saving the information . 
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To compute the nonlinear solution select the SOLVE! tab and click the Solve button. During the 
computation of the solution, the solver will indicate the current event number, step number and 
iteration number as shown in Figure 14 . 
 

 
Figure 14: Status report during the nonlinear solut ion. 

 
 
Results: 

  
Figure 15: Second principal stress (S2) after mandr el removal. 
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Figure 16: First principal stress (S1) after interf erence fit fastener. 

  
Figure 17: First principal stress (S1) after overlo ad. 

 

  
Figure 18: First principal stress (S1) for final lo ad. 
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Figure 19: Ligament stress at different sequences o f events. 
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