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1. Introduction  

The computation of the energy release rate has been used for many years to determine the onset of 
crack propagation. In recent years, the use of composite materials has become common practice in the 
aerospace industry and correlating the energy release rate with crack propagation, originally developed 
for isotropic materials in a 2D setting, is now been extended to structures made of laminated composites. 
For most cases of interest, the energy release rate has to be computed in a three dimensional setting for 
bi-material crack interfaces and orthotropic material properties. Moreover, given the typical complexity of 
the displacement and stress fields associated with composite materials, the analysis requires the 
computation of the energy release rate components associated with each failure mode (i.e., Modes I, II 
and III).  

The best known mathematical theories available to compute the energy release rate components are the 
Crack Closure Technique (CCT), the Virtual Crack Closure Technique (VCCT), and the J-integral 
decomposition. This technical brief describes the implementation of the J-integral decomposition in 
StressCheck®, as the mechanism to accurately determine the energy release rate components. A brief 
overview of the theory of the J-integral decomposition is included as well as examples to illustrate the 
implementation. 

2. Formulation 
 
Consider a point s along the crack front of an elastic body as shown in Figure 1. The axis X3 is tangent to 
the crack front, and X1 is normal to the crack front in the plane defined by X3. The point-wise J-integral for 
three-dimensional domains is defined as [1], [2]: 
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Figure 1: Contour and area of integration at point s. 
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This integral is path independent in 2D and path-area independent in 3D. The path integral does not 
include any information from the singular point (or edge), which makes it ideally suitable for numerical 
implementation. The computation of the area integral with reasonable accuracy is not an easy task, given 
the necessity of computing the derivatives of the stresses, strains and displacements in close vicinity of 
the singular point. However, the area integral goes to zero in the limit as the integration radius R goes to 
zero:  
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The application of the J-integral to mixed mode crack problems in 3D linear elasticity requires a 
decomposition of the J-integral into symmetric part JI (mode I) and anti-symmetric parts JII and JIII 
corresponding to mode II and mode III, respectively [2]. The decomposition is obtained by expressing the 
components of the J-integral as the sum of symmetric and anti-symmetric parts, relative to the crack front 
coordinate axis (X1): 
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With this transformation, the point-wise separated J-integral for three dimensional domains can be written 
as (for details, refer to [2]): 
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IIIIIIM ,,= , and j
M
ij

M
i nt s= . If the path is taken as a circle of radius R, we can write (see Figure 2): 

 

 
Figure 2: Circular path of radius R. 
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Provided ijs is linear with respect to ije  we have, for mode I: 
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Similarly for modes II and III: 
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components of the stress tensor, we can write the symmetric ( A
SJ ) and anti-symmetric ( A

ASJ ) components 

of the area integrals as: 
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Remarks:  

• The J-integral decomposition has the inherent requirement of the crack to be geometrically 
symmetric, that is, the crack faces have to be flat within the integration radius1. 

• The J-path integral does not include the singular point, therefore is ideally suited for numerical 
calculation. 

• With properly designed meshes, the J-path integral can be computed for an arbitrarily small 
circular path where the quality of the solution is not affected by the singularity. 

• The smaller the integration radius the smaller the contribution of the J-area integral. 

• Performing the J-path integral for several values of the integration radius provides information on 
how the path integral convergences to the total J-integral as R �  0. 

• There is no constraint in the shape of the crack front. 

                                                
1 This is the same requirement for J-integral in bi-material interfaces [3]. 
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• Since the area integral involves the computation of parameters within the singularity, it is not well 
suited for numerical computation. Therefore J-area should not be used to compute the total J-
integral, but rather to estimate its contribution to the total J-integral relative to the path integral. 

3. Scope of the implementation  

The implementation of the J-integral decomposition in StressCheck is limited to linear solutions of 
isotropic and orthotropic/laminate materials in 2D and 3D in the absence of body forces and thermal loads 
and with traction-free crack surfaces. Two extraction procedures are available: 

• For a single point extraction (Fracture interface) each component of the J-path (Eq. 1 for modes I, 
II and III) and the symmetric (Eq. 3) and anti-symmetric (Eq. 4) components of the J-area are 
computed. This allows the user to determine the size of the integration path for which the 
contribution of the J-area to the total J-integral is negligible. 

• For multi point extraction (Points interface) only the J-path is computed by default. If desired, the 
user can compute J-area along the crack front by providing an underscore parameter (_JArea). In 

that case the extraction will provide the ( A
SJ ) if J1p is requested and A

ASJ  if J2p is requested. 

The computation of the J-integral will be illustrated with two model problems in the following. 

4. Model problems 

4.1 Benchmark model 

Consider the case of a cracked domain for which the exact solution is known.  The body shown in Figure 
3 is made of isotropic material (E = 1.0, n = 0.3) and loaded with the displacement functions 
corresponding to the exact solution in all free faces (excluding the crack faces) using eq. 39 on reference 
[4], example problem C. 

  
Figure 3:  Mesh for benchmark model and deformed co nfiguration. 

For the coordinate system shown in Figure 3 and with R being the integration radius, the exact solution 
for this problem is given by: 
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The numerical solution was computed by p-extension (p = 2 to 8) for the mesh shown in Figure 3 
consisting of 32 elements, in 4 layers of 8 elements each, arranged in geometric progression towards the 
singular edge with a grading factor of 0.15. The estimated relative error in energy norm for the sequence 
of solutions is shown in Table 1.  

Table 1: Estimated relative error in energy norm fo r the sequence of solutions. 

 

The J1-path, J1-area and J1-total were computed along the crack front from the exact solution and the 
numerical solution corresponding to p=8 (4488 DOF) for two values of the integration radius (R) as shown 
in Table 3 and in Figure 4 andFigure 5. Also shown in the figures is the variation of the J-integral 
components (J1p and J1a) with the number of degrees of freedom for the point located at x3=0. Strong 
convergence is observed for the J-integral components for both values of the integration radius.  

Table 2: Comparison exact vs. numerical solution (R  = 0.5) 

 

Table 3: Comparison exact vs. numerical solution (R  = 0.05). 
 

J1p Exact J1a Exact J1 Exact J1p Num J1a Num J1 Num
-1.00 18.69648 5.16348 13.53300 18.68520 5.149800 13.53540
-0.80 12.62442 3.07554 9.54888 12.61470 3.074130 9.54057
-0.60 9.84822 2.03156 7.81666 9.83915 2.031700 7.80745
-0.40 9.84822 2.03156 7.81666 9.83853 2.032610 7.80592
-0.20 12.62442 3.07554 9.54888 12.61240 3.076850 9.53555
0.00 18.69648 5.16348 13.53300 18.68010 5.164540 13.51556
0.20 29.10375 8.29541 20.80834 29.08060 8.295730 20.78487
0.40 45.40521 12.47130 32.93391 45.37250 12.470300 32.90220
0.60 69.67955 17.69117 51.98837 69.63410 17.687800 51.94630
0.80 104.52509 23.95502 80.57007 104.46300 23.948500 80.51450
1.00 153.05984 31.26284 121.79700 152.97800 31.225100 121.75290

R=0.5
x3

J1p Exact J1a Exact J1 Exact J1p Num J1a Num J1 Num
13.5981 0.0651 13.5330 13.5925 0.0651577 13.6577
9.5931 0.0442 9.5489 9.5987 0.0441980 9.6429
7.8505 0.0338 7.8167 7.8624 0.0338460 7.8962
7.8505 0.0338 7.8167 7.8670 0.0339130 7.9009
9.5931 0.0442 9.5489 9.6139 0.0443683 9.6583

13.5981 0.0651 13.5330 13.6232 0.0652302 13.6884
20.9048 0.0964 20.8083 20.9330 0.0965237 21.0295
33.0721 0.1382 32.9339 33.0994 0.1382390 33.2376
52.1788 0.1904 51.9884 52.1967 0.1903180 52.3870
80.8231 0.2530 80.5701 80.8178 0.2528610 81.0707

122.1231 0.3261 121.7970 122.0730 0.3268880 122.3999

R=0.05

-1.00
-0.80
-0.60
-0.40
-0.20
0.00
0.20
0.40
0.60
0.80
1.00

x3
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Figure 4: J-integral along crack front (R = 0.5). 
 

 
Figure 5: J-integral along crack front (R = 0.05). 

 

4.2 Single leg bending (SLB) specimen 
 
In this model problem the computation of the J-integral was performed at points along the delamination 
front of the SLB specimen shown in Figure 6. 
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Figure 6: Single leg bending (SLB) specimen - Dimen sions and stacking sequence. 

 
The same geometry, material properties (Table 4) and lay-up given in [7] 2 were used for the analysis. 
Two configurations were considered: (a) a lumped laminate in which homogenized material properties 
were used for groups of plies as described in [7] (as shown in Figure 7) and (b) a ply-by-ply 
representation in which each ply was explicitly incorporated into the model as shown in Figure 8. 
 

Table 4: C12K/R6376 Unidirectional Graphite/ Epoxy Prepreg (0.127 mm ply thickness). 

E11 = 146.9 GPa E22 = 10.6 GPa E33 = 10.6 GPa 
n12 = 0.33 n13 = 0.33 n23 = 0.33 

G12 = 5.45 GPa G13 = 5.45 GPa G23 = 3.99 GPa 
 

 

 
Figure 7: Mesh for SLB specimen (homogenized). 

                                                
2 Note: In [7] there is a typographical error in the lay-up description. After consulting with the author, the correct lay-up is as shown in 
Figure 6, where the // indicates the location of the delamination. 

B = 25.4 mm 
t1 = 2.032 mm 
t2 = 2.032 mm 
2L = 177.8 mm 
a = 34.29 mm 

Laminate D30: C12K/R6376:  
[30/-30/0/-30/0/30/0_4/30/0/-30/0/-30/30//-30/30/0/30/0/-30/0_4/-30/0/30/0/30/-30] 
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Figure 8: Mesh for SLB specimen (ply-by-ply). 

 
The finite element meshes were designed such that a single layer of refinement was placed along the 
delamination front graded in geometric progression with a factor of 0.15 of the ply thickness. The solution 
in both cases was obtained by p-extension. Table 5 shows the estimated relative error in energy norm for 
the sequence of solutions corresponding to p-levels 4, 5 and 6 for the homogenized configuration. Similar 
convergence was realized for the ply-by-ply model. 
 

Table 5: Estimated relative error in energy norm fo r the sequence of solutions (homogenized). 

 

Figure 9 shows the convergence information of the J-integral components at two locations along the 
delamination front for the homogenized configuration obtained for an integration radius of 0.03 mm. The 
integration circle runs outside the innermost layer of elements around the delamination front, but inside 
the first ply located on each side of it. As can be observed, the J3p is practically zero near the center of 
the specimen but not so near the free end. Also, the contribution of the area integral is practically 
negligible for the integration radius of 0.03 mm. Similar results were obtained for the ply-by-ply 
configuration. From all the sampled points along the delamination front, the largest magnitude for the total 
area integral ( Jas J1a+=+ A

AS
A
S JJ ) was less than 0.5% (for p=6) of the total path integral 

( J3p  J2p  J1p ++=++ GGG
IIIIII JJJ ). Similar results where obtained for the ply-by-ply configuration. 

Finally, Figure 10 shows the total path integral along the delamination front for the two configurations 
analyzed with StressCheck (ply-by-ply and homogenized) and from Ref. [7]. There is a very small 
difference in the results between the ply-by-ply and the homogenized configurations, but the difference is 
more noticeable, albeit small, between the StressCheck results and those of Ref. [7]. No information was 
available in Ref. [7] regarding convergence studies, however. 
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Figure 9: Convergence of J-integral components for different locations along the crack front (p=4 to 6 , R = 

0.03 mm). 
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Figure 10: Comparison J-integral vs. VCCT (from ref erence [7]) along crack front. 
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5. Computation of the stress intensity factors using t he separated J-integrals 

For linear elasticity, the relationship between the J-integral and the mode I, II and III stress intensity 
factors can be is given by [1,2]: 
 

( ) 222
* 2

11
IIIIII K

G
KK

E
J ++=  

 
From where it can be shown that [2]: 
 

II JEK *= , IIII JEK *= , and IIIIII GJK 2=  

 

Where and E* equals Young’s modulus E for plane stress, ( )2* 1 n-= EE  for plane strain and G is the 

shear modulus ( )n+= 12EG . 

6. Summary 

Accurate computation of the energy release rate components can be performed in StressCheck with the 
implementation of the separated path-area independent J-integrals. The path integrals can be computed 
very accurately from the finite element solutions since the integration does not involve the singular point. 
The area integral on the other hand is less accurate since the integration is performed inside the region 
where the quality of the solution is affected by the singularity. For that reason, the implementation gives 
the user the ability to determine the size of the integration circle for which the contribution of the area 
integral is negligible, so that the path integral can be used instead of the total integral for each 
component. Because the overall quality of the solution and the convergence of the J-integral can be 
verified using p-extension, the reliability of the computed information can be guaranteed to an arbitrarily 
small value.      
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