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1 Von Mises Stress
Note: The problem statement asks for a “4 node element” and an “8 node element”. This is equivalent
to asking for a solution with linear shape functions and a solution with quadratic shape functions. In
StressCheck, the software used to solve this benchmark problem, the same element is used for both
solutions and the user chooses the shape function order for the solution. For this problem, shape
functions of order 1 (equivalent to the 4 node element) and of order 2 (equivalent to the 8 node
element) were used for the solution.

1.1 Linear Solution
Von Mises stress for the linear solution (4 node element) is shown in Figure 1. The distribution of the
von Mises stress over the element is, within numerical tolerance, zero. Therefore the von Mises stress is
equal to zero throughout the entire element. The value reported at the center of the element is
therefore zero.

Figure 1: Linear solution von Mises stress
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1.2 Quadratic Solution
Von Mises stress for the quadratic solution (8 node element) is shown in Figure 2. The distribution of the
von Mises stress varies linearly across the element from 2 (lower left) to 0 (center) back to 2 (upper
right). The value reported at the center of the element is again zero, even though the von Mises stress
is not zero throughout the element.

Figure 2: Quadratic solution von Mises stress (equivalent to 8 node quad)

Note on expected results from other software: The plot of von Mises stress in Figure 2 samples the
finite element solution at 484 points (it is a grid of 22 by 22 points, which admittedly is overkill). This
shows the exact von Mises stress throughout the element. Other FEA software products (ANSYS,
Abaqus, Nastran, etc.) tend to interpolate nodal values of stress for contour plots instead of actually
sampling the solution throughout the element. Therefore it is expected that most responders to this
problem may report values around 1 Pa at the center of the element for the quadratic solution. A von
Mises stress value of 1 Pa is incorrect, because nodal averaging at the center of the element does not
produce the exact value of the von Mises stress at that point. Solving the problem with 4 or more
elements will prove this point.
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2 Which Value is Correct?
Both solutions report the value of the von Mises stress to be zero, which is correct at the center of the
element but both solutions are misleading.




The linear solution does not well-approximate the exact solution of the given problem. The
solution is not converged. There is not sufficient resolution (number of degrees of freedom) to
capture the solution. The reported stress value at the center of the element just happens to be
correct, but reporting this value in an engineering analysis report would be insufficient because
the exact von Mises stress varies throughout the element and the linear solution is not
converged.
The quadratic solution perfectly approximates the exact solution of the given problem. The
solution is converged, meaning that there is sufficient resolution (number of degrees of
freedom) to capture the solution. Convergence proof is given in section 2.1. The reported stress
value at the center of the element is reported correctly as zero, although reporting this value in
an engineering analysis report would be insufficient because the exact von Mises stress varies
throughout the element.

2.1 Convergence Proof
As degrees of freedom are increased, the approximate solution produced by the finite element method
approaches the exact solution of the posed problem. Four solutions are shown in Figure 3 with
increasing resolution (increasing degrees of freedom, DOF). The linear and quadratic solutions required
by the benchmark problem statement are shown in the top row. These solutions have 5 DOF and 13
DOF, respectively. As DOF are increased to 21 and then 31, shown in the bottom row, the solution does
not change. Therefore, we have a good indication of convergence.

Quadratic solution (13 DOF, like 8 node quad)

Linear solution (5 DOF, like 4 node quad)
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Quartic solution (31 DOF, like 16 node quad)

Cubic solution (21 DOF, like 12 node quad)

Figure 3: Convergence of von Mises plot

A better metric for convergence for this problem would be the total potential energy value for each
solution. The potential energy for the four solutions above is shown in Table 1. After the linear solution,
the potential energy remains constant. Since the finite element method always minimizes the
potential energy, a constant value of potential energy indicates that the computed solution is the
exact solution, and therefore is correct (is converged).
Table 1: Potential energy convergence
Run
1
2
3
4

DOF
5
13
21
31

Total Potential Energy
-1.094498e-036
-4.432624e-006
-4.432624e-006
-4.432624e-006

Convergence Rate
0.00
0.00
0.00
0.00

% Error
100.00
0.00
0.00
0.00

3 Modeling Decisions




Element: One quadrilateral element.
Material: Plane stress (prescribed by problem statement) with arbitrary material properties
chosen (does not impact stress solution).
Loading: Tractions applied using spatial formulae on each element edge. The element with
traction loading is shown in Figure 4 on the left. The spatial formulae are shown in the center.
The loading for the selected element edge (red) is shown on the right.
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Figure 4: Loading



Constraints: The problem is in equilibrium, so only rigid body constraints are permissible which
must not react any load. The choice of constrained nodes is arbitrary (does not impact stress
solution). The constrained nodes chosen are shown in Figure 5.

Figure 5: Rigid body constraints

4 FEA Software Details



Software: StressCheck 10.1
Total time to build problem and solve: 6 minutes
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5 Terminology Note
The Benchmark Challenge problem terminology is not completely accurate. There is only one model (as
described in the problem introduction and Figure 1 of the problem document) which is required to be
solved using two particular discretizations: One element with shape functions of polynomial degree 1
and one element with shape functions of polynomial degree 2. The model (in this case based on the
theory of elasticity with a particular shape and loading) and the solution of the model are defined
independently of the discretization by which it is solved. The model is first solved with a poor
approximation to its exact solution, and then the same model is solved with a higher resolution
approximation which produces the exact solution. It makes for a good benchmark problem, though!
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6 Supplement: H-Refinement
The exact solution of the posed problem was obtained with a single quad element and quadratic shape
functions (p = 2). This section presents results for mesh refinement with linear shape functions (p =1, or
more commonly: 4 node quads). The exact solution is obtained in the limit as the number of DOF goes to
infinity, but convergence is very slow.
The following contour plots show the von Mises stress results by subdividing each element to increase
DOF. Error is given for the maximum von Mises stress compared to the exact value which is 2.
1 Element, 5 DOF, -100% error

4 Elements, 15 DOF, -49% error

16 Elements, 47 DOF, -24% Error

64 Elements, 159 DOF, -12% Error

256 Elements, 575 DOF, -6% Error

1024 Elements, 2175 DOF, -3% Error
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The strain energy for each solution is shown in Table 2. Note strain energy depends on the material
properties, so these should be taken as representative values.
Table 2: Strain Energy for h-Refinement

DOF
5
15
47
159
575
2175

Strain Energy
0.000E+00
3.222E+06
4.122E+06
4.354E+06
4.413E+06
4.428E+06

Exact Value
4.433E+06
4.433E+06
4.433E+06
4.433E+06
4.433E+06
4.433E+06

Error
-100.0%
-27.3%
-7.0%
-1.8%
-0.4%
-0.1%

Total time to build and solve 6 new solutions using mesh refinement: approximately 10-20 minutes with
StressCheck.
To provide an honest non-software-dependent set of solutions, blending and averaging were turned off
for the contour plots so that the data shown is exactly the data which is computed from the finite
element solution on each element. Different FEA software may average computed data between
elements differently, though in my experience this tends to make solution accuracy worse or harder to
estimate.
Additionally, reduced integration was not used. Reduced integration attempts to cancel one error (error
of approximation) with another error (error in integration). On some problems the errors may very well
appear to cancel each other, but doing so precludes solution verification, and therefore should not be
used in a benchmark problem setting.

6.1 Commentary
The exact solution of the posed problem was obtained with a single quad element with quadratic shape
functions at 13 DOF. In contrast, a solution with linear shape functions has -3% error in maximum von
Mises stress with 2175 DOF. This highlights the inefficiency of linear elements in general.
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Figure 6: Convergence of max. von Mises stress with h-refinement.

Since the problem statement asked for the von Mises stress at the center of the element, which is at the
minimum von Mises stress location, a convergence plot is also provided of the minimum stress.

Figure 7: Convergence of min. von Mises stress with h-refinement.

9

Figure 8: Convergence of strain energy for h-refinement.

Suggested questions to think about:
1. This is an extremely simple problem in the world of engineering. If it takes so many linear
elements to well-approximate the exact solution, would linear elements be useful or efficient at
capturing more complex solutions with practical consequence to engineering?
a. If time is not a factor, it doesn’t matter whether you use linear or quadratic or any other
type of element. You can still well-approximate the exact solution – the much more
important task is proving that your error of approximation is small.
b. Unfortunately, time is a factor. The ideal case is to quickly obtain a solution and quickly
prove that the error of approximation (which is based on the mesh density, p-level, and
mapping) is small enough.
2. How easy is it to obtain error estimates for solutions with FEA software?
a. With p-refinement in StressCheck the problem was built and solved with error estimates
on all computed data in 6 minutes. Error estimates are provided automatically by the
software.
b. With h-refinement the six computed solutions took 10-20 minutes (cumulative) to set
up and solve, which is a factor of 2-3 on time. An external program (Excel) was used to
calculate error estimates.

10

